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CHAPTER: 1 

INTRODUCTION 

    The paper “PID Controller tuning for first order plus dead time process model 

via Hermite Biehler theorem” by Dr.Anindo Roy and Dr.Kamran Iqbal was published 

at the 2005 ISA transactions. The research explains the PID stabilization of a FOPDT 

model using the stability framework of the Hermite Biehler theorem. Section [1-3] 

explains the overview, formulation of PID Control problem and the Hermite Biehler 

theorem. We come to know the problems in the existing methods for PID 

stabilization. The problem is stated as to determine the PID parameter such that the 

closed loop process is Hurwitz stable. The relevant Hermite Biehler theorem and the 

generalized Hermite Biehler theorem are stated. Section [4] determines the 

necessary and sufficient conditions for the existence of stabilizing PID controllers 

for the FOPDT process. It states the necessary and sufficient conditions for stability 

and the conditions for minimal overshoot. Section [5] are the illustrative examples 

wherein the method is worked out and the values for stability obtained are compared 

with values obtained using existing methods such as Ziegler Nichols and Cohen-

Coon method. There are two examples, one of stable process and the other one of 

unstable process. We have attempted to explain every section in detail with the 

relevant derivations wherever the equations were directly mentioned. We started 

with the basic explanation of the FOPDT process; a simple representation of the 

dynamic response of a variable to changes. Then we have explained the problem 

formulation of the PID controller design for a unity gain feedback system which is 

used in the paper. We have then explained the Pade approximation as it is easier to 

understand the problem when the basics of Pade approximation are clear. Further, 

we have explained the HB theorem and the generalized HB theorem. Since it is stated 



 

 
2 

 

directly in the paper, we have elaborated it further with relevant details. In the 

stability analysis and controller synthesis section, the necessary and sufficient 

conditions for the stability are derived and propositions are explained. We have 

explained the given conditions for minimal overshoot as given in the propositions. 

We have explained the sensitivity and disturbance rejection of the closed loop 

transfer function for the FOPDT model. The derivations are shown wherever the 

equations are mentioned directly.  We have worked out the examples of stable and 

unstable processes given in section [5] and elaborated the methodology addressed in 

the paper through the examples. 

  The first-order-plus-dead-time (FOPDT) model not only provides a simple 

characterization of a process but also helps to realize the dynamics of many 

applications of process control industry. A brief introduction to FOPDT has been 

given in a dedicated section of the report.  

    This paper deals with an innovative method for PID tuning of a FOPDT model in a 

typical control environment. Certain assumptions are necessary to avoid the 

complexities of the problem though we aim to derive the results general enough to 

be useful in the environment. A very common question which arises is what 

information should be assumed for the controller design.  By making sure controllers 

fulfill certain robustness constraint, the results would be valid for plant parameters 

sufficiently close to those used in the model-based design. A similar question arises 

about the complexity of the controller. The PID controller remains by far the most 

popular method used in the process industry. A more complex structure with 

additional parameters, such as the PI-PD controller or a predictive PI controller for 

FOPDT process with long dead times might demonstrate better performance for 

FOPDT models, but that would require more expertise and better understanding of 

the process on the part of the operator. Hermite-Biehler theorem has been used in 
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the mathematical analysis to study stability of the polynomials. The theorem 

basically divides the function into even and odd parts, and provide stability 

characterization in terms of interlacing property of the real, non-negative, and 

distinct zeros of the two parts. The generalized Hermite-Biehler Theorem 

additionally provides information on the signature of the polynomial. A detailed 

explanation of Hermite-Biehler Theorem has been shown in this report in the 

upcoming sections. 

The paper focuses on the study of the stability of FOPDT model with PID controller 

using the first pade approximation for the delay term. In particular we study the 

stability properties of the resulting characteristic equation in the light of the Hermite-

Biehler Theorem. It is seen that the higher order approximation can also be used 

without fundamentally altering the nature of the analysis which is presented in the 

paper. Similarly, higher-order process models can be incorporated in this 

framework, if desired. 

The schematic representation of the unity gain feedback of the FOPDT process 

controlled with PID controller. In the figure r is the reference signal, d is the 

disturbance acting at the input of the plant, and y is the closed loop response. 

                   

 

A detailed description of FOPDT plant has been given in the report. For the transfer 

function derivation of the FOPDT plant: 
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𝜏𝑝
𝑑𝑦(𝑡)

𝑑𝑡
=  −𝑦(𝑡) + 𝑘𝑝𝑢(𝑡 − 𝜃𝑝) 

This equation has variables y(t) and u(t) and 3 unknown parameters. 

𝑘𝑝 = Process gain 

𝜏𝑝 = Process time constant 

𝜃𝑝 = Process dead time 

 

Taking the Laplace of the above equation gives: 

s𝜏𝑝𝑦(𝑠) = −𝑦(𝑠) + 𝐾𝑝𝑒
−𝜃𝑠𝑢(𝑠) 

𝑦(𝑠)(𝑠𝜏𝑝 + 1) = 𝐾𝑝𝑒
−𝜃𝑠𝑢(𝑠) 

𝑦(𝑠)/𝑢(𝑠) = 𝐾𝑝𝑒
−𝜃𝑠/(𝑠𝜏𝑝 + 1) 

Here 1 has been considered as ‘a’ to generalize the system, and 𝐾𝑝is taken as 1. Thus 

the transfer function of the FOPDT is given as mentioned in the above figure. 
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CHAPTER:2 

DEFINITIONS AND TERMINOLOGIES 

These definitions are borrowed from control theory, linear algebra, and functional 

analysis 

1. Sign of a function: The sign of a real-valued function is defined as 

                      ℝ⟼ {-1, 0, 1}:  sgn[f] ={

−1, 𝑓 < 0
0, 𝑓 = 0
1,   𝑓 > 0

 

2. Real polynomials: A polynomial 𝑃(𝑠) =  𝑃0 + 𝑃1𝑠 + 𝑃2𝑠
2 +⋯+ 𝑃𝑛𝑠

𝑛 is 

called real if all its coefficients are real, i.e., 𝑃𝑖 ∈ ℝ ∀𝑖 = 0,1,2,… , 𝑛. 

3. Hurwitz stability: A real polynomial 𝑃(𝑠) =  𝑃0 + 𝑃1𝑠 + 𝑃2𝑠
2 +⋯+ 𝑃𝑛𝑠

𝑛 is 

said to be  Hurwitz stable (or simply, Hurwitz polynomial) if and only if all 

its roots lie in the open left-half complex plane (LHP), i.e., 𝑅𝑒[𝑠𝑝]  <  0 ∀ 

{𝑠𝑝|𝑝(𝑠𝑝) = 0}. 

 

4. Anti-Hurwitz   Polynomials: A real polynomial 𝑃(𝑠) =  𝑃0 + 𝑃1𝑠 + 𝑃2𝑠
2 +

⋯+ 𝑃𝑛𝑠
𝑛 is said to be Hurwitz stable (or simple, Hurwitz polynomial) if and 

only if all its roots lie in the open left-half complex plane (LHP), i.e., 

𝑅𝑒[𝑠𝑝]  <  0 ∀ {𝑠𝑝 | 𝑝(𝑠𝑝)  =  0} 

 

5. The odd and even parts of a real polynomial p(s) are defined as 

𝑝𝑒𝑣𝑒𝑛(𝑠) ≜ 𝑝0 + 𝑝2𝑠
2 + 𝑝4𝑠

4 +⋯, 𝑝𝑜𝑑𝑑(𝑠) ≜ 𝑝1 + 𝑝3𝑠
2 + 𝑝5𝑠

4 +⋯ 
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6. Interlacing property: A real polynomial p(s) is said to be interlacing if the 

leading coefficients of 𝑝𝑒𝑣𝑒𝑛(𝑗𝜔) and 𝑝𝑜𝑑𝑑(𝑠𝑗𝜔) have the same sign, and if 

all their zeros are real and distinct, and the non-negative real zeros satisfy the 

interlacing property given by 

0 < 𝜔𝑒,1 < 𝜔𝑜,1 < 𝜔𝑒,2 < 𝜔𝑜,2 < ⋯ ∀ 𝜔 ∈  ℝ 

7. Interval polynomials: A real polynomial p(s) is said to be an interval 

polynomial if one or more of its coefficients vary in a closed set bounded by 

real constants i.e.,  𝐺𝑝(𝑠) = 𝑊(𝑠)/𝑄(𝑠). 

8. Kharitonov Polynomials: 

For the given interval polynomials, the Kharitonov polynomials are defined as 

𝐾1  ≜  𝐾𝑚𝑖𝑛
𝑒𝑣𝑒𝑛(𝑠) + 𝑠𝐾𝑚𝑎𝑥

𝑒𝑣𝑒𝑛(𝑠), 

𝐾2  ≜  𝐾𝑚𝑖𝑛
𝑒𝑣𝑒𝑛(𝑠) + 𝑠𝐾𝑚𝑎𝑥

𝑜𝑑𝑑 (𝑠), 

𝐾3  ≜  𝐾𝑚𝑎𝑥
𝑒𝑣𝑒𝑛(𝑠) + 𝑠𝐾𝑚𝑖𝑛

𝑜𝑑𝑑(𝑠), 

𝐾4  ≜  𝐾𝑚𝑎𝑥
𝑒𝑣𝑒𝑛(𝑠) + 𝑠𝐾𝑚𝑎𝑥

𝑜𝑑𝑑 (𝑠), 

Where 

𝐾𝑚𝑎𝑥
𝑒𝑣𝑒𝑛 ≜ 𝑝0

+ + 𝑝2
−𝑠2 + 𝑝4

+𝑠4 + 𝑝6
−𝑠6 + 𝑝8

+𝑠8 +⋯ 

𝐾𝑚𝑖𝑛
𝑒𝑣𝑒𝑛 ≜ 𝑝0

− + 𝑝2
+𝑠2 + 𝑝4

−𝑠4 + 𝑝6
+𝑠6 + 𝑝8

+𝑠8 +⋯ 

𝐾𝑚𝑎𝑥
𝑜𝑑𝑑 ≜ 𝑝1

+ + 𝑝3
−𝑠2 + 𝑝5

+𝑠4 + 𝑝7
−𝑠6 + 𝑝9

+𝑠8 +⋯ 

𝐾𝑚𝑖𝑛
𝑜𝑑𝑑 ≜ 𝑝1

+ + 𝑝3
+𝑠2 + 𝑝5

−𝑠4 + 𝑝7
+𝑠6 + 𝑝9

−𝑠8 +⋯ 

It provides a test of stability for the interval polynomials. The interval polynomial is 

robustly stable if and only if these four polynomials are Hurwitz stable. 

Interlacing property for interval polynomials: 

 An interval polynomial p(s) is said to be interlacing if and only if 
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1. All the zeroes of  𝐾𝑚𝑖𝑛,𝑚𝑎𝑥
𝑒𝑣𝑒𝑛,𝑜𝑑𝑑(𝑗𝜔) are real and the set of non-negative zeroes 

interlace as  

0 < 𝜔𝑒,1
𝑚𝑖𝑛 < 𝜔𝑒,1

𝑚𝑎𝑥 < 𝜔0,1
𝑚𝑖𝑛 < 𝜔0,1

𝑚𝑎𝑥 < 𝜔𝑒,2
𝑚𝑎𝑥…∀𝜔 ∈ ℝ 

2. 𝐾𝑚𝑖𝑛,𝑚𝑎𝑥
𝑒𝑣𝑒𝑛,𝑜𝑑𝑑(0) ≠ 0, 𝑎𝑛𝑑 ∑𝑠𝑔𝑛{𝐾𝑚𝑖𝑛,𝑚𝑎𝑥

𝑒𝑣𝑒𝑛,𝑜𝑑𝑑(0)} = ±4, 𝑖. 𝑒, 𝐾𝑚𝑖𝑛,𝑚𝑎𝑥
𝑒𝑣𝑒𝑛,𝑜𝑑𝑑(0) have 

the same sign. 

This property is a convenient way of reasoning about orderings of the roots of real-

rooted polynomials. Specifically, it provides a way of tying the roots of the average 

polynomial (obtained by averaging the coefficients) to the roots of the individual 

polynomials. The property fails for non-Hurwitz polynomials. 

Let f be a monic real-rooted polynomial of degree n and g be a real-rooted 

polynomial of degree n or n − 1, with roots 𝛼𝑛 ≤ · · · ≤ 𝛼1, 𝛽𝑛 ≤ · · · ≤ 𝛽𝑛 respectively 

(ignoring 𝛽𝑛 if g is of degree n − 1).  

We say that g interlaces f if 

𝛽𝑛 ≤ 𝛼𝑛 ≤ 𝛽𝑛−1 ≤ · · · ≤ 𝛽𝑛 ≤ 𝛼1.  

We adopt the notation g → f to indicate that f has the largest root. 
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CHAPTER:3 

THEORETICAL ANALYSIS FOR STABILITY 

FRAMEWORK  AND CONTROLLER SYNTHESIS 

 

   In this section we try to develop a framework for stability analysis of a linear 

time invariant (LTI) system in unity gain feedback configuration based on 

application of the generalized Hermite Biehler Theorem. The schematic of a typical 

LTI control system is shown as follows: 

                                 

 

Equivalent Single Channel Unity Feedback Formulation 

Let 𝐺𝑝(𝑠) = 𝑊(𝑠)/𝑄(𝑠) represents a process with proper rational transfer function. 

Where W(s) and Q(s) are relatively prime, 𝐺𝑐(𝑠) = 𝑛𝑐(𝑠)/𝑑𝑐(𝑠) represent the 

controller, where for simplicity we assume a PID controller given by 

 𝑛𝑐(𝑠) = 𝐾𝑝𝑠 + 𝐾𝑑𝑠
2 + 𝐾𝑖  ,  𝑑𝑐(𝑠) = 𝑠 ; R(s) represents the reference signal such 

that r(t) is bounded in the Lipschitz sense, i.e., |𝑟(𝑡) − 𝑟(0)|  ≤  𝐵|ℎ|2 , ∀ |ℎ|  < ℇ  

where B and  ℇ are independent of h and  ℇ > 0 , and Y(s) represents the output 

signal; then the closed-loop characteristic polynomial 𝜓(𝑠) is given as: 

𝜓(𝑠) = 𝑠𝑄(𝑠) + (𝐾𝑖 + 𝐾𝑑𝑠
2)𝑊(𝑠) + 𝑠𝐾𝑝𝑊(𝑠)                                            (eq3.1) 
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It is known from the theory of linear feedback systems that the roots of the closed 

loop characteristic polynomial determine stability of the overall system. This 

motivates us to consider that the characteristic equation given above equivalently 

represents a process   𝐺𝑒𝑞𝑢𝑖𝑣(𝑠) = 𝑊(𝑠)/𝑄(𝑠)  that is controlled with a unity gain 

single channel feedback and PID controller in the feedforward path. The following 

conditions are however necessary for such an equivalent process representation to 

be valid: 

Property 1: 

The equivalent process 𝐺𝑒𝑞𝑢𝑖𝑣(𝑠) is proper, i.e., Θ[𝑊(𝑠)] ≤ Θ[𝑄(𝑠)] where Θ[ . ] 

represents the order of the polynomial. 

Property 2:  

The polynomials W(s) and Q(s) satisfy the Bezout identity (Jones and Jones,1998) 

i.e., the {W(s), Q(s)} pair is co-prime. In other words, it is possible to find at least 

one pair of real, finite order polynomial {a(s), b(s)} that satisfies the following 

Diophantine equation: {a(s), b(s)} ∋ W(s)a(s) + Q(s)b(s)≡1 ∀  ai , bi∈ R 

Alternatively, one can also use Sylvester’s Theorem to establish to establish co-

primeness. In case the co-primeness property is not satisfied, we infer that W(s) and 

Q(s) have one or more common factors. In such a case, we can define 𝐺𝑒𝑞𝑢𝑖𝑣(𝑠) =

�̃�(𝑠)/�̃�(𝑠), where �̃�(𝑠)𝑎𝑛𝑑 �̃�(𝑠) are reduced order polynomials obtained 

following any LHP pole-zero cancellations and which satisfy property 2. 
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CHAPTER:4 

APPROXIMATION OF DELAYS 

 

The presence of delay in a control system causes difficulty in the control or may lead 

to closed loop responses having poor performance characteristics. In order to tackle 

this problem, the dead time in a transfer function model must be replaced by an 

approximation. The analytical model of the delay used in the system largely affects 

the closed loop stability of the system.  

The approximation used here is the Padé approximation. The Padé approximation is 

a frequency domain based truncation that is used for the time delay in a feedback 

system, the order of which depends on the ratio of the time delays, the fundamental 

time constant of the process, and the specific application for which a controller is to 

be designed. 

 

PADÉ APPROXIMATION: 

In mathematics a Padé approximant is the 'best' approximation of a function by a 

rational function of given order – under this technique, the approximant's power 

series agrees with the power series of the function it is approximating. Although a 

Taylor series expansion may seem to be easier, Padé approximation will work when 

Taylor series does not converge.  

It is defined as  

Given a function f and two integers m ≥ 0 and n ≥ 1, the Padé approximant of order 

[m/n] is the rational function 

𝑅(𝑥) =  
∑ 𝑎𝑗𝑥

𝑗𝑚
𝑗=0

1 + ∑ 𝑏𝑘𝑥
𝑘𝑛

𝑘=1

= 
𝑎0 + 𝑎1𝑥 + 𝑎2𝑥

2

1 + 𝑏1𝑥 + 𝑏2𝑥
2 +⋯+ 𝑏𝑛𝑥

𝑛 
 

https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Rational_function
https://en.wikipedia.org/wiki/Power_series
https://en.wikipedia.org/wiki/Power_series
https://en.wikipedia.org/wiki/Integer
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which agrees with f(x) to the highest possible order, which amounts to 

𝑓(0) = 𝑅(0) 

𝑓′(0) = 𝑅′(0) 

𝑓”(0) = 𝑅"(0) 

 . 

 . 

 . 

𝑓(𝑚+𝑛)(0) = 𝑅(𝑚+𝑛)(0) 

 

The Padé approximant is unique for given m and n, that is, the coefficients 𝑎0, 𝑎1,… 

𝑎𝑚 ,  𝑏1 ,… 𝑏𝑛  ,  can be uniquely determined.  

For example, the first few Padé approximations for ex are 

𝑒𝑥𝑝0 0⁄ (𝑥) = 1 

𝑒𝑥𝑝0 1⁄ (𝑥) =  
1

1 − 𝑥
 

𝑒𝑥𝑝0 2⁄ (𝑥) =  
2

2 − 2𝑥 + 𝑥2
 

𝑒𝑥𝑝0 3⁄ (𝑥) =  
6

6 − 6𝑥 + 3𝑥2 − 𝑥3
 

𝑒𝑥𝑝1 0⁄ (𝑥) =  1 + 𝑥 

𝑒𝑥𝑝1 1⁄ (𝑥) =  
2 + 𝑥

2 − 𝑥
 

𝑒𝑥𝑝1 2⁄ (𝑥) =  
6 + 2𝑥

6 − 4𝑥 + 𝑥2
 

𝑒𝑥𝑝1 3⁄ (𝑥) =  
24 + 6𝑥

24 − 18𝑥 + 6𝑥2 − 𝑥3
 

𝑒𝑥𝑝2 0⁄ (𝑥) =  
2 + 2𝑥 + 𝑥2

2
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In this paper, we the three types of Padé approximations that depend on the manner 

in which an infinite series is truncated are considered. 

1. Regular Padé approximation: This is the most commonly used form for 

approximating the delay. For this type of Padé approximation, the delays are 

represented as rational proper transfer functions, i.e.,  

[𝑀 𝑁]  ≜  𝑒−Δ𝑆 ≈ 
∑

(−∆ 2)⁄ 𝑛

𝑛!
𝑀
𝑛=0

∑
(−∆ 2)⁄ 𝑛

𝑛!
𝑁
𝑛=0

⁄ =  
𝑛∆(𝑠)

𝑑∆(𝑠)
, 𝑀, 𝑁 ∈  ℤ+, 

Where △≥0 represents the magnitude of the delay. Note that for the [M/N] 

rational function to be proper we must have M ≤ N 

2. Forward Padé approximation: In this case the delays are represented as an     

improper transfer functions or simply, a truncated Taylor’s series given as: 

𝑒−△𝑆 ≈ ∑
(−△ 2⁄ )𝑛

𝑛!
, 𝑀 ≥𝑀

𝑛=0  0,𝑀 ∈  ℤ    

3. Backward Padé approximation: In this case the delays are represented as 

strictly proper transfer functions given as:   

𝑒−△𝑆 ≈ 
1

∑
(−△ 2⁄ )𝑛

𝑛!
𝑁
𝑛=0

 , 𝑁 ≥ 0,𝑁 ∈  ℤ   
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CHAPTER:5 

HERMITE BIEHLER THEOREM 

5.1.1 The classical Hermite-Biehler Theorem (Graphical):  

Let 𝛿(𝑠) = ∑ 𝛿𝑖
𝑛
𝑖=0 𝑠𝑖 , 𝛿𝑖 ∈ ℝ ∀ 𝑖. Writing 𝛿(𝑠) = 𝛿𝑒(𝑠) + 𝑠𝛿𝑜(𝑠

2) where 𝛿𝑒,𝑜(𝑠
2) 

are the components of 𝛿(𝑠) made up of even and odd powers of s, respectively. Let 

𝜔𝑒𝑗 denote the real non-negative distinct zeros of 𝛿𝑒(−𝜔
2) and let 𝜔𝑜𝑘 denote the 

real non-negative distinct zeros of 𝛿𝑒(−𝜔
2) ∀ 𝑗, 𝑘 , both arranged in the ascending 

order of magnitude. Then 𝛿(𝑠) is Hurwitz stable if and only if 𝛿𝑛 and 𝛿𝑛−1 are of 

same sign, all the zeros of  𝛿𝑒(−𝜔
2), 𝛿𝑜(−𝜔

2) are real and distinct and the non-

negative real zeros satisfy the interlacing property in the sense of Definition 9 given 

by 0 < 𝜔𝑒,1 < 𝜔𝑜,1 < 𝜔𝑒,2 < 𝜔𝑜,2 < ⋯   

While the interlacing property gives a graphical interpretation of the Hermite Biehler 

Theorem, the analytical characterization of the same is given by the following 

theorem, which provides necessary and sufficient conditions for Hurwitz stability of 

real polynomial. 

5.1.2 The classical Hermite-Biehler Theorem (Analytical):  

Let 𝛿(𝑠) = ∑ 𝛿𝑖
𝑛
𝑖=0 𝑠𝑖 , 𝛿𝑖 ∈ ℝ ∀ 𝑖. Writing 𝛿(𝑠) = 𝛿𝑒(𝑠) + 𝑠𝛿𝑜(𝑠

2) where 𝛿𝑒,𝑜(𝑠
2) 

are the components of 𝛿(𝑠) made up of even and odd powers of s, respectively. Let 

𝜔𝑒𝑗 denote the real non-negative distinct zeros of 𝛿𝑒(−𝜔
2) and let 𝜔𝑜𝑘 denote the 

real non-negative distinct zeros of 𝛿𝑒(−𝜔
2) ∀ 𝑗, 𝑘 , both arranged in the ascending 

order of magnitude. Then the following conditions are equivalent: 
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(1)  𝛿(𝑠) is the Hurwitz stable 

(2)  𝛿𝑛 and 𝛿𝑛−1 are of the same sign and 

n = sgn [𝛿𝑜].[𝑠𝑔𝑛[𝑝(0) + 2∑ (−1𝑚
𝑖−1 )𝑖𝑠𝑔𝑛[𝑝(𝜔𝑜𝑖)]] , 𝑛 = 2𝑚,𝜔𝑜𝑚 =

∞,∀ 𝑚 ∈ ℤ+, 

n = sgn [𝛿𝑜].[𝑠𝑔𝑛[𝑝(0) + 2∑ (−1𝑚
𝑖−1 )𝑖𝑠𝑔𝑛[𝑝(𝜔𝑜𝑖)]] , 𝑛 = 2𝑚 + 1 ∀ 𝑚 ∈

ℤ+, 

(3) 𝛿𝑛 and 𝛿𝑛−1 are of the same sign and 

n = 2sgn [𝛿𝑜].[∑ (−1𝑚
𝑖−1 )𝑖−1𝑠𝑔𝑛[𝑞(𝜔𝑒𝑖)]] , 𝑛 = 2, ∀ 𝑚 ∈ ℤ+, 

n = 2sgn [𝛿𝑜].[∑ (−1𝑚
𝑖−1 )𝑖−1𝑠𝑔𝑛[𝑞(𝜔𝑒𝑖)]] , 𝑛 = 2𝑚 + 1,𝜔𝑜𝑚 = ∞,∀ 𝑚 ∈

ℤ+,  

Example 1: Consider a real polynomial as follows: 

𝑝(𝑠) = 𝑠9 + 11𝑠8 + 52𝑠7 + 145𝑠6 + 266𝑠5 + 331𝑠4 + 280𝑠3 + 155𝑠2 +

49𝑠 + 6. 

We wish to check using the graphical and analytical versions of the classical 

Hermite-Biehler Theorems whether or not p(s) is Hurwitz stable. To do so, we first 

decompose p(s) into its even and odd parts, i.e., 𝑝(𝑠) = 𝑝𝑒𝑣𝑒𝑛(𝑠) + 𝑠𝑝𝑜𝑑𝑑(𝑠), where 

𝑝𝑒𝑣𝑒𝑛(𝑠) = 11𝑠8 + 145𝑠6 + 331𝑠4 + 155𝑠2 + 6, 

𝑝𝑜𝑑𝑑(𝑠) = 𝑠8 + 52𝑠6 + 266𝑠4 + 280𝑠2 + 49. 

Recognizing that s is a complex variable, i.e., s=jR, we have by substitution 

 

𝑝𝑒𝑣𝑒𝑛(𝑗𝜔) = 11𝜔8 + 145𝜔6 + 331𝜔4 + 155𝜔2 + 6, 
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𝑝𝑜𝑑𝑑(𝑠) = 𝜔8 + 52𝜔6 + 266𝜔4 + 280𝜔2 + 49 

Applying definition 6 to check for the interlacing property we find that 

i. sgn[[𝑝8
𝑒𝑣𝑒𝑛(𝑗𝜔)] =sgn[[𝑝8

𝑜𝑑𝑑(𝑗𝜔)] = 1; 

ii. The roots of 𝑝𝑒𝑣𝑒𝑛(𝑗𝜔) are given by ± 3.2287, ± 1.4626, ± 0.7587, ± 0.2061 

(the roots were found out using MATLAB) and the roots of 𝑝𝑜𝑑𝑑(𝑗𝜔) are 

given by ± 6.8115, ± 2.0607, ± 1.0672, ± 0.4673 showing that all the roots 

of 𝑝𝑜𝑑𝑑(𝑗𝜔) and  𝑝𝑒𝑣𝑒𝑛(𝑗𝜔) are real and distinct. Considering only the 

nonnegative zeros of the 𝑝𝑜𝑑𝑑(𝑗𝜔) and  𝑝𝑒𝑣𝑒𝑛(𝑗𝜔) polynomials,   we obtain 

𝜔𝑒,1 = 02061,  𝜔𝑒,2 = 0.7587,𝜔𝑒,3 = 1.4626,  𝜔𝑒,4 = 3.2287,  𝜔𝑜,1 =

0.4673, 𝜔𝑜,2 = 1.0672,𝜔𝑜,3 = 2.0607 , 𝜔𝑜,4 = 6.8115 . 

 

Then it can be seen that the following condition is satisfied  

0 <  𝜔𝑒,1 < 𝜔𝑜,1 < 𝜔𝑒,2 < 𝜔𝑜,2 < 𝜔𝑒,3 < 𝜔𝑜,3 < 𝜔𝑒,4 < 𝜔𝑜,4  

 

Since all the conditions are met according to the definition 6, p(s) is interlacing. 

Therefore, using graphical version of the classical Hermite Biehler Theorem we 

conclude that p(s) is Hurwitz stable. The plot of even and odd parts are showing in 

the following figure, which verifies the interlacing property. 
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sgn[𝑝0] = 1  ,   sgn[𝑝𝑒𝑣𝑒𝑛(0)] = 1,  sgn[𝑝𝑒𝑣𝑒𝑛(0.4673)] = −1,  

sgn[𝑝𝑒𝑣𝑒𝑛(1.0672)] = 1,  sgn[𝑝𝑒𝑣𝑒𝑛(2.0607)] = −1,  sgn[𝑝𝑒𝑣𝑒𝑛(6.8115)] = 1.   

 

Since n=9 is odd, using the above values in the analytical version of the Hermite 

Biehler Theorem we obtain the following, which verifies the result. 

𝑛 = 𝑠𝑔𝑛[𝑝0]. [𝑠𝑔𝑛[𝑝
𝑒𝑣𝑒𝑛(0)] + 2∑(−1)𝑖  𝑠𝑔𝑛 [𝑝𝑒𝑣𝑒𝑛(𝜔𝑜,𝑖)

4

𝑖=1

] = 9 

 

5.2 Generalized Hermite Biehler theorem 

 

The generalized Hermite Biehler theorem is a refinement to the classical one. It 

provides information about the number of RHP zeros of a real polynomial in the case 

when there is a zero at the origin. The classical hermite Biehler theorem has the 

limitation of being unable to provide any information as to the root distribution when 

the real polynomial is not Hurwitz stable. In such cases, the generalized Hermite 

Biehler theorem will help for non-Hurwitz polynomials. 
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In paper, the generalized Hermite-Biehler Theorem concerning a zero at the origin 

is used.  

Definition of signature: The signature σ of a real polynomial ( ) p s is defined as the 

difference between the number of open LHP and closed RHP zeros i.e., 

𝜎[𝑝(𝑠)] =  𝑛𝑝
(𝐿)
− 𝑛𝑝

(𝑅)
 

Where, 

 𝑛𝑝
(𝐿)

 and 𝑛𝑝
(𝑅) denote the number of open LHP and closed RHP zeros, respectively. 

 

Theorem: 

Let 𝛿(𝑠) = 𝛿𝑒(𝑠
2) + 𝑠𝛿0(𝑠

2)  with a root at the origin of multiplicity k. Writing 

∑ 𝛿𝑖𝑠
𝑖 ,𝑛

𝑖=0  𝛿𝑖  𝜖 𝑅 ∀𝑖 

Where 𝛿𝑒,𝑜(𝑠2) are the components 𝛿(𝑠) made up of even and odd powers of s, 

respectively.  

For every ω ∈ R, denote 𝛿(𝜔) = 𝑝(𝜔) + 𝑗𝑞(𝜔) where 

𝑝(𝜔) =  𝛿𝑒(−𝜔
2), 𝑞(𝜔) =  𝜔𝛿0(−𝜔

2) 

And let 𝜔𝑒𝑗  denote the real, non-negative and distinct zeroes of 𝛿0(−𝜔
2)∀ 𝑗, 𝑘 

Both arranged in ascending order of magnitude.  

Let 0 < 𝜔01 < 𝜔02 < ⋯ < 𝜔0𝑚−1 be the zeros of q(ω) that are real, distinct, and 

nonnegative. Also, define 𝜔0 = 0, 𝜔0𝑚 =  ∞ and 

𝑝(𝑘)(𝜔0) =  (
𝑑𝑘

𝑑𝜔𝑘
𝑝(𝜔))|

𝜔=𝜔0

 

 

 

 

 

 



 

 
18 

 

Then, ∀ ℇ ℤ+ we have, 

𝜎[𝛿(𝑠)] =  (−1)𝑚−1{𝑠𝑔𝑛[𝑝(𝑘)(𝜔0)]

+ 2 ∑(−1)𝑖𝑠𝑔𝑛[𝑝(𝜔𝑜𝑖)] + (−1)
𝑚𝑠𝑔𝑛[𝑝(𝜔0𝑚)]}. 𝑠𝑔𝑛[𝑞(∞)], 𝑛

𝑚−1

𝑖=1

= 2𝑚 

 

𝜎[𝛿(𝑠)] =  (−1)𝑚−1{𝑠𝑔𝑛[𝑝(𝑘)(𝜔0)] +

2∑ (−1)𝑖𝑠𝑔𝑛[𝑝(𝜔𝑜𝑖)]. 𝑠𝑔𝑛[𝑞(∞)], 𝑛 = 2𝑚 + 1𝑚−1
𝑖=1  Where,  

𝜎[𝛿(𝑠)] denotes the signature of the polynomial (defined previously). 
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CHAPTER:6 

STABILITY ANALYSIS WITH PID CONTROL 

6.1 Framework 

In order to develop a stability framework based on Hermite-Biehler Theorem, we 

proceed as follows: define the signature of the closed-loop characteristic polynomial 

𝛹(𝑠) as: 𝜎[𝛹(𝑠)] ≜ 𝑛𝛹
(𝐿)
− 𝑛𝛹

(𝑅)
 and the order of 𝛹(𝑠) as𝑛𝛹

(𝐿)
− 𝑛𝛹

(𝑅)
= 𝛩[𝛹(𝑠)]; 

then, from stability prospective, if 𝛹(𝑠) is Hurwitz, then 𝑛𝛹
(𝑅)

= 0, i.e., no RHP 

poles, or equivalently,  𝜎[𝛹(𝑠)] = 𝛩[𝛹(𝑠)] = 𝑚𝛹, i.e.,  if the system is Hurwitz 

stable, then the signature equals the order of the characteristic polynomial. In order 

to apply the generalized Hermite-Biehler Theorem, we decompose W(s) and Q(s) 

into polynomials with even and odd powers of s. To this effect we let 𝑊(𝑠) =

𝑊𝑒(𝑠
2) + 𝑠𝑊𝑜(𝑠

2),  𝑄(𝑠) = 𝑄𝑒(𝑠
2) + 𝑠𝑄𝑜(𝑠

2). Furthermore, let 𝑔(𝑠2) be the 

greatest common divisor of 𝑊𝑒(𝑠
2) and 𝑊𝑜(𝑠

2). Then, one can define the minimal 

order of polynomials from 𝑊𝑒(𝑠
2) and 𝑊𝑜(𝑠

2) as follows:   

𝑊𝑒
′(𝑠2)  ≜

𝑊𝑒(𝑠
2)

𝑔(𝑠2)
 𝑊0

′(𝑠2)  ≜
𝑊0(𝑠

2)

𝑔(𝑠2)
  and 𝑊′(𝑠) ≜  𝑊𝑒

′(𝑠2) + 𝑠𝑊0
′(𝑠2) 

Also, define 

𝑊∗(𝑠) ≜  𝑊∗(−𝑠) =  𝑊𝑒
′(𝑠2) − 𝑠𝑊0

′(𝑠2) 

and let       

𝛿(𝑠) ≜  𝜓(𝑠)𝑊∗(𝑠) = 𝑠𝑄(𝑠)𝑊∗(𝑠) + (𝐾𝑖 + 𝑠
2𝐾𝑑)𝑊(𝑠)𝑊

∗(𝑠) +

𝑠𝐾𝑝𝑊(𝑠)𝑊
∗(𝑠)                 (eq. 6.1) 

then, it can be verified that 

𝜎[𝛿(𝑠)] =  𝜎[𝜓(𝑠)𝑊∗(𝑠)] =  𝜎[𝜓(𝑠)] −  𝜎[𝑊′(𝑠)] 

Further, if 𝛹(𝑠) is Hurwitz, then the above expression reduces to 
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 𝜎[𝜓(𝑠)𝑊∗(𝑠)] =  𝑚𝜓 −  𝜎[𝑊
′(𝑠)] 

Now substituting 𝑠 = 𝑗𝜔∀𝜔 ∈ 𝛺𝜔 ⊆ 𝑅in 𝛿(𝑠)we obtain 

𝛿(𝜔) =  𝜓(𝜔)𝑊∗(𝜔) = 𝑝(𝜔) + 𝑗𝑞(𝜔)                                                          (eq. 6.2) 

Where 

𝑝(𝜔) ≜  𝑝1(𝜔) + (𝐾𝑖 − 𝐾𝑑𝜔
2)𝑝2(𝜔) = 𝜔

2 |
𝑄𝑒 𝑊𝑒
𝑄0 𝑊0

| + (𝐾𝑖 −

𝐾𝑑𝜔
2) |

𝑊𝑒 𝑊0

−𝜔2𝑊0 𝑊𝑒
|                 (eq.6.3) 

𝑞(𝜔) ≜  𝑞1(𝜔) + 𝐾𝑝𝑞2(𝜔) = 𝜔 |
𝑊𝑒 𝑄0

−𝜔2𝑊0 𝑄𝑒
| + 𝐾𝑝𝜔 |

𝑊𝑒 𝑊0

−𝜔2𝑊0 𝑊𝑒
|       (eq.6.4) 

and the polynomials 𝑝1(𝜔), 𝑞1(𝜔), and 𝑞2(𝜔)are given as: 

𝑝1(𝜔) ≜  𝜔
2[𝑄𝑒𝑊0 − 𝑄0𝑊𝑒], 𝑝2(𝜔) ≜ 𝑊𝑒

2 +𝜔2𝑊0
2          (eq.6.5a) 

𝑞1(𝜔) ≜  𝜔[𝑊𝑒𝑄𝑒 +𝜔
2𝑄0𝑊0], 𝑞2(𝜔) ≜  𝜔[𝑊𝑒

2 + 𝜔2𝑊0
2]                          (eq.6.5b) 

We note that the 6.3 and 6.4 provide a decoupling of the position gain, 𝐾𝑝, from the 

velocity and integral gains,𝐾𝑑and 𝐾𝑖. This structure will be exploited to develop a 

synthesis procedure for PID controllers later. In order to develop stability 

characterization using the generalized Hermite-Biehler Theorem, let 𝑚𝑞 ≜ 𝛩[𝑞(𝜔)] 

and 𝑚𝑞 ≤ 𝑚𝑞 be the number of zeros of q(𝜔) that satisfy the following conditions 

for some constrained 𝐾𝑝 ∈ (−∞,∞): 

1. The zeros of q(𝜔) that are eligible to be counted within 𝑚𝑞 are distinct, i.e., 

𝜔𝑜𝑖 ≠ 𝜔𝑜𝑗∀𝑖, 𝑗 ∈ [1,𝑚𝑞], 𝑖 ≠ 𝑗 

2. The zeros of q(𝜔) that are eligible to be counted within 𝑚𝑞are non-negative 

and rel, i.e., 𝜔𝑜𝑖 ∈ 𝑅
+∀ 𝑖 ∈ [1,𝑚𝑞]. 

3. The zeros of q(𝜔) that are eligible to be counted within 𝑚𝑞 have odd 

multiplicities and satisfy the interlacing property  

0 < 𝜔0 < 𝜔01 < 𝜔02 < ⋯ < 𝜔𝑚𝑞−1 < 𝜔𝑚𝑞
= ∞ 
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Furthermore, define 

𝜌 ≜  𝑚𝜓 −  𝜎[𝑊(𝑠)], 𝛼 ≜  
1

2
[𝑚𝜓 + 𝑚𝑊], 𝑎𝑛𝑑  𝛾 ≜  (−1)𝑚�̃�−1𝑠𝑔𝑛[𝑞(∞)]  

then application of the generalized Hermite-Biehler Theorem to eq4 leads to the 

following equivalent stability conditions    

𝜌 = {𝑠𝑔𝑛[𝑝(0)]

+ 2 ∑ (−1)𝑖𝑠𝑔𝑛[𝑝(𝜔𝑜𝑖)] + (−1)
𝑚�̃�𝑠𝑔𝑛[𝑝 (𝜔𝑜𝑚�̃�

)]}. 𝛾, 𝛼 𝜖 ℤ+,

𝑚�̃�−1

𝑖=1

 

                  (eq. 6.6) 

𝜌 = {𝑠𝑔𝑛[𝑝(0)] + 2∑ (−1)𝑖𝑠𝑔𝑛[𝑝(𝜔𝑜𝑖)]}. 𝛾, 𝛼 𝜖 ℤ+,
𝑚�̃�−1

𝑖=1
           (eq. 6.7) 

where 𝑍+, denotes the set of positive integers. Substituting eq8 in eq9 we obtain 

𝜌 = {𝑠𝑔𝑛[𝑝1(0) + 𝐾𝑝𝑝2(0)]

+ 2 ∑ (−1)𝑖𝑠𝑔𝑛[𝑝1(𝜔𝑜𝑖) + (𝐾𝑖 − 𝐾𝑑𝜔𝑜𝑖
2 )𝑝2(𝜔𝑜𝑖)]

𝑚�̃�−1

𝑖=1

+ (−1)𝑚�̃�𝑠𝑔𝑛[𝑝1 (𝜔𝑜𝑚𝑞
) + (𝐾𝑖 − 𝐾𝑑𝜔𝑜𝑚�̃�

2 ) 𝑝2 (𝜔𝑜𝑚�̃�
)]}. 𝛾, 𝛼 𝜖 ℤ+ 

                (eq. 6.8a)  

𝜌 = {𝑠𝑔𝑛[𝑝1(0) + 𝐾𝑝𝑝2(0)] + 2∑ (−1)𝑖𝑠𝑔𝑛[𝑝1(𝜔) + (𝐾𝑖 − 𝐾𝑑𝜔
2)]}.

𝑚�̃�−1

𝑖=1
𝛾, 𝛼          (eq. 6.8b) 
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We now define the following integer variables:                             

𝐼0̃ ≜ 𝑠𝑔𝑛[𝑝1(0) + 𝐾𝑝𝑝2(0)]             (eq.6.9a) 

𝐼0̃ ≜ 𝑠𝑔𝑛[𝑝1(𝜔𝑜𝑖) + (𝐾𝑖 − 𝐾𝑑𝜔𝑜𝑖
2 )𝑝2(𝜔𝑜𝑖)] ∀𝑖  ∈ [1,𝑚𝑞]̃         (eq.6.9b) 

where 𝐼0 ∈ {−1, 0, 1}and 𝐼𝑖 ∈ {−1,1}∀𝑖 ∈ [1,𝑚𝑞]; then the necessary condition for 

the existence of stabilizing PID controllers is developed as follows: Define the 

stabilizing PID set as 𝑠𝑘 ≜ {𝐾𝑝, [𝐾𝑖 , 𝐾𝑖], [𝐾𝑑, 𝐾𝑑]}; then if a stabilizing PID set exists  

i.e., ∃𝑆𝑘 ∋ 𝑅𝑒[𝑠𝛹] < 0∀𝑠𝛹 ∋ 𝛹(𝑠)|𝑠=𝑠𝛹 ≡ 0, then [𝑔∗] ≠⊘ ∀𝑖 ∈ [0,𝑚𝑞], where 

[𝑔∗] ≜  {{ 𝐼�̃� |
𝜌 =  𝛾 [𝐼0̃ + 2∑ (−1)𝑖

𝑚�̃�

𝑖=1
𝐼�̃� + (−1)

𝑚�̃�𝐼�̃�𝑞
] , 𝛼 ∈  ℤ+  ∀𝑖 ∈ [1, �̃�𝑞]

𝜌 =  𝛾 [𝐼0̃ + 2∑ (−1)𝑖
𝑚�̃�

𝑖=1
𝐼�̃�] , 𝛼 ∉  ℤ+

 

It should be noted that the above result is a necessary but not sufficient condition for 

the existence of a non-empty PID controller 𝑆𝑘. Also, since there are two variables 

here, we no longer are able to obtain a closed form solution. Instead, a linear 

programming problem has to be solved for each fixed 𝐾𝑝 ∈ 𝑆(𝐾𝑝). As 𝐾𝑝 is varied, 

we will have a one-parameter family of linear programming problems to solve. The 

necessary and sufficient condition is given by the following theorem: 

Theorem 1: The characteristic polynomial 𝛹(𝑠) is Hurwitz stable if and only if there 

exist a feasible non-empty solution {𝐼𝑖} ≠ Øto either of the following equations:                       

𝜌 = [ 𝐼0 + 2∑ (−1)𝑖𝐼𝑖 + 𝐼�̃�𝑞
]𝛾, 𝛼 ∈  ℤ+

𝑚�̃�−1

𝑖=1
          (eq.6.10) 

𝜌 = [ 𝐼0 + 2∑ (−1)𝑖𝐼𝑖 + 𝐼�̃�𝑞
]𝛾, 𝛼 ∈  ℤ+

𝑚�̃�−1

𝑖=1
          (eq.6.11) 
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Where 𝐼𝑖 , 𝑖 = 0,1, . . . , 𝑚𝑞 denote the unknown integer variables as defined in eq.6.9a 

and eq.6.9b 

Proof: (Necessity) If eq.6.10 and eq.6.11 has a feasible solution, then by using 

eq.6.9a and eq.6.8a in eq.6.8a and eq6.8b , and applying the generalized Hermite-

Biehler Theorem, we can ensure that 𝜎[𝛿(𝑠)]=𝑚𝛹 − 𝜎[𝑊(𝑠)]. Thus 𝜎[𝛹(𝑠)] =

𝛩[𝛹(𝑠)] and 𝛹(𝑠) is Hurwitz stable.  

(Sufficiency) If 𝛹(𝑠)is Hurwitz stable, then 𝜎[𝛹(𝑠)] = 𝛩[𝛹(𝑠)] such that 

𝜎[𝛿(𝑠)]=𝑚𝛹 − 𝜎[𝑊(𝑠)], and from the generalised Hermite-Biehler Theorem, 

either eq.6.6 or eq.6.7 must be satisfied. The only way to satisfy it is if the eq6.10 or 

eq6.11 has a feasible non-empty solution. 

We are now faced with the question: how does one establish a closed-form set 𝑆(𝐾𝑝) 

over which the existence of [𝑔∗]is assured? using the root locus concept, we can 

evaluate 𝑆(𝐾𝑝) as 𝑆(𝐾𝑝) = 𝑆(𝐾𝑝)RL the number of zeros of q(𝜔) 

Equals 𝑚𝑞. In practice, for the purpose of the tuning of the PID we may only 

consider 𝐾𝑝> 0 and thus the set can be further constrained as 𝑆(𝐾𝑝) = (𝐾𝑝, 𝐾𝑝) =

(0,∞) ∩ 𝑆(𝐾𝑝)RL. It is clear now that for ∀𝐾𝑝 ∈ 𝑆(𝐾𝑝), there exists [𝑔∗] ≠⊘such 

that the existence of 𝑆𝑘 is guaranteed. Characterization of stabilizing PID gains for 

the system is now by the following results. 

Corollary 1: The range of 𝐾𝑝for which the root distribution of 𝑞(𝜔)is such that the 

eq12 or eq13 is satisfied, and can be identified from the root locus plot of 

{1+𝐾𝑝𝑞2(𝜔)/𝑞1(𝜔)}. This range is denoted as: 𝑠(𝐾𝑝) = (𝐾𝑝, �̅�𝑝) ⊆ (−∞,∞) 

Where the under bar and the over bar represents the lower and upper limits, 

respectively. 
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Corollary 2: Assume that a non-empty solution to eq.6.10 or eq.6.11 has been found, 

i.e., let 𝑔 ≜ {𝐼𝑖} ≠ Ø, then the ranges of the stabilizing gains 𝐾𝑖and 𝐾𝑑, i.e., (𝐾𝑖 , �̅�𝑖) 

and (𝐾𝑑 , �̅�𝑑) can be solved from the following linear matrix inequalities(LMI): 

𝑠𝑔𝑛{[𝑃1] + [𝑃2][�̃�]} =  (�̃�)
𝑇             (eq.6.12) 

Where the matrices [𝑃1] ∈ 𝑅
�̂�𝑞,1 , [𝑃1] ∈ 𝑅

�̂�𝑞,2, and [𝑘] ∈ 𝑅2,1are defined as: 

[𝑃1] ≜ [𝑝1(0)    𝑝2(𝜔01)    𝑝2(𝜔02)   …    𝑝1 (𝜔𝑚�̃�−1)]
𝑇
            (eq.6.13) 

[𝑃1] ≜

[
 
 
 
 
 
𝑝2(𝜔0)

𝑝2(𝜔01)

𝑝2(𝜔02)
⋮

𝑝2 (𝜔𝑚�̃�−1)

0
−𝜔01

2 𝑝2(𝜔01)

−𝜔01
2 𝑝2(𝜔02)
⋮

−𝜔𝑚�̃�−1
2 𝑝2(𝜔01)]

 
 
 
 
 

           (eq.6.14) 

[�̃�] ≜  [𝐾𝑖 𝐾𝑑]
𝑇               (eq.6.15)  

thus for a given 𝐾𝑝 ∈ 𝑆(𝐾𝑝), the stabilizing PID controller set given as: 

𝑆𝐾 ≜ {𝐾𝑝, (𝐾𝑖 , �̅�𝑖), (𝐾𝑑 , �̅�𝑑)}  

It should be noted that since the constraint set is linear, the admissible set of 𝐾𝑖 −

𝐾𝑑gains, which is the solution of the LMI given by eq.6.12, is either a convex 

polygon or a convex half plane. Therefore, for each fixed 𝐾𝑝 ∈ 𝑆(𝐾𝑝), the region is 

the (𝐾𝑖 , 𝐾𝑑) plane, if any, for which the characteristic polynomial 

𝜓(𝑠) is Hurwitz is the union of the convex polygons or half planes. We also note the 

procedure leading to eq.6.12 and its solution can be easily coded on the computer. 

We further note that by repeating this process for the different values of 𝐾𝑝 ∈
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(−∞,∞). The set is then given by a solution of eq.6.12 subjects to eq.6.10, eq.6.11, 

eq.6.13, eq.6.14, and eq.6.15. However sweeping 𝐾𝑝over (−∞,∞) if 

∃𝑆(𝐾𝑝) = (𝐾𝑝, �̅�𝑝)  ⊂ (−∞,∞) ∋  ∀𝐾𝑝  ∈ 𝑆(𝐾𝑝) ∶ [𝑔
∗] ≠  ∅, 𝑆(𝐾𝑝) ≠ ∅ 

then if the Theorem 1 and the corollary 2 are satisfied ∀𝐾𝑝 ∈ 𝑆(𝐾𝑝), ∃{𝑆𝑘}, where 

{𝑆𝑘} is the family of stabilizing PID sets. 

Thus plotting the root locus of the system we can observe that the analysis can be 

modified to restrict 𝐾𝑝, 𝐾𝑖 , 𝐾𝑑  ∈ 𝑅+ in order to force non-negative solution to the 

problem, if so desired. 

6.2 Stability Analysis and Controller synthesis 

In the following, we first determine the necessary and sufficient conditions for the 

existence of stabilizing PID controllers for the FOPDT process. 

6.2.1 Necessary Condition for stability 

The characteristic polynomial for the FOPDT process is given as- 

𝜓(𝑠) =  𝜃(𝜏 − 𝐾𝑑)𝑠
3 + (𝛼𝜃 − 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑)𝑠

2 + (2𝛼 − 𝐾𝑖𝜃 + 2𝐾𝑝)𝑠 + 2𝐾𝑖        

                 (eq.6.16) 

We obtain 

𝑞(𝜔,𝐾𝑝) = 
𝜃2

4
(𝐾𝑝 −

4𝜏

𝜃
− 𝑎)𝜔3 + (𝑎 + 𝐾𝑝)𝜔           (eq.6.17) 

 

We note that, for the given problem mψ = 3, ρ = 4, α = 3 and γ = (-1)-1sgn[Kp-4τ/θ-

α), where mψ is the number of roots q(ω) that are real, non-negative and distinct. 

Then, if ψ(s) is to be Hurwitz stable, from eq {{{{6/366-paper}}}}} we have a 

feasible solution to  
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(−1)�̃�𝑞−1 [𝐼0 + 2 ∑ (−1)𝑖𝐼𝑖 + (−1)
�̃�𝑞𝐼𝑚𝑞
̃

�̃�𝑞−1

𝑖=1

] 𝑠𝑔𝑛 [𝐾𝑝 −
4𝜏

𝜃
− 𝑎] = 4 

Where Ĩ0 = {-1,0,1}; Ĩi = {-1,1}, i ≠ 0. 

From equation  

Necessary conditions for the FOPDT process is given as 

𝜓(𝑠) =  𝜃(𝜏 − 𝐾𝑑)𝑠
3 + (𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑)𝑠

2 + (2𝑠 − 𝐾𝑖𝜃 +

2𝐾𝑝)𝑠 + 2𝐾𝑖                  (eq.6.18) 

 

Substituting the equation with s=𝑗𝜔 we get the following odd function expression: 

𝑞(𝜔,𝐾𝑝) =
𝜃2

4
(𝐾𝑝 −

4𝜏

𝜃
− 𝑎)𝜔3 + (𝑎 + 𝐾𝑝)𝜔          (eq.6.19) 

We note that, for the given problem 𝑚𝜓 = 3, 𝜌 = 4, 𝛼 = 3, 𝑎𝑛𝑑 𝛾 =

(−1)𝑚�̃�−1 𝑠𝑔𝑛[𝐾𝑝 −
4𝜏

𝜃
− 𝑎], where 𝑚�̃� is the number of roots of 𝑞(𝜔) that are real, 

non-negative, and distinct. Then, if 𝜓(𝑠) is to be Hurwitz-stable, from the “Frame 

work for stability analysis” section we must have a feasible solution to 

(-1)𝑚�̃�−1 [𝐼�̃� + 2∑ (−1)𝑖
𝑚�̃�−1

𝑖=1
𝐼�̃� + (−1)

𝑚�̃�𝐼𝑚�̃�
̃ ] . 𝑠𝑔𝑛 [𝐾𝑝 −

4𝜏

𝜃
− 𝑎] = 4 

 

Where 𝐼0̃ = {−1, 0, 1}; 𝐼�̃� = {−1,1}, 𝑖 ≠ 0.  From eq13 we find out that 𝜔0 = 0, and 

the remaining roots of 𝑞(𝜔,𝐾𝑝) are given as 𝜔1,2 = ±√∆, where  

∆≜ −
4(𝐾𝑝 + 𝑎)

𝜃2(𝐾𝑝 −
4𝜏
𝜃 − 𝑎)

 

Thus the following propositions can be presented for the existence of the stabilizing 

PID set in the controller parameters. Here ⋁ denotes logical OR and ⋀ denotes 

logical AND. 
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Proposition 1: For the process taken for this paper, the necessary condition for the 

existence of a set of stabilizing PID controllers, i.e., �̃� ∋ 𝑅𝑒[𝑠𝜓] <

0 ∀ 𝑠𝜓, {𝑠𝜓|𝜓(𝑠𝜓) = 0}, is that sgn[Δ] = 1.   

 

Proposition 2: The stabilizing set of 𝐾𝑝 is given as 𝐾𝑝 ∈ 𝑆(𝐾𝑝), where 

𝑆(𝐾𝑝) ≜

{
 
 

 
 (−𝑎, 𝑎 +

4𝜏

𝜃
)                                𝑓𝑜𝑟 𝑎 > 0

(|𝑎|,
4𝜏

𝜃
− |𝑎|)       𝑓𝑜𝑟 𝑎 < 0,

𝜃

𝜏
< 2|𝑎|−1

(
4𝜏

𝜃
− |𝑎|, |𝑎|)     𝑓𝑜𝑟 𝑎 < 0,

𝜃

𝜏
> 2|𝑎|−1 

 

  

 

Remark: From proposition 2, we can note that the range of stabilizing 𝐾𝑝 , i.e., 

S(𝐾𝑝), is independent of the ratio 𝜃/𝜏. Furthermore, for unstable FOPDT process 

through S(𝐾𝑝) is intervaled, it is defined over arbitrary 𝜃/𝜏 ∈ (−∞ ,∞).  

6.2.2 Sufficient condition for stability: 

The sufficient condition for the existence of stabilizing PID set is given by the pade 

approximated FOPDT process given as 

[𝑃1] ≜ [𝑝1(0)      𝑝1(𝜔01)]
𝑇, 

[𝑃2]≜ [
𝑃2(0) 0

𝑃2(𝜔01) −𝜔01
2 𝑃2(𝜔01)

], 

And        [�̃�] ≜ [𝐾𝑖 𝐾𝑑]
𝑇. 

Proposition 3: 

The sufficient condition for the existence of the stabilizing PID set �̃� , for the process 

taken is ∀𝐾𝑝 ∈ 𝑆(𝐾𝑝), 
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{
𝐾𝑖 ∈ (0,   𝛽),             𝐾𝑑 ∈ (𝜆, 𝜏)           𝑤ℎ𝑒𝑛   𝛾 = 1

𝐾𝑖 ∈ (0,   𝛽
∗)            𝐾𝑑 ∈ (−

𝑝1
2
, �̅�)  𝑤ℎ𝑒𝑛   𝛾 = −1

 

Where the interval boundaries are given as  

𝜆 , �̅� = ±
1

∆𝐾𝑖
+ {

𝜏𝜃2 − 4(𝑎𝜃 + 𝜏)

𝜃2∆
},  

𝑝1 ≜ 𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃, 

𝛽∗ ≜ ∆𝜏 +
4∆(𝑎𝜃+𝜏)−∆𝜏𝜃2

𝜃2∆+4
,    and 

𝛽∗ ≜ −∆𝜏 +
∆𝜏𝜃2 − 4∆(𝑎𝜃 + 𝜏)

𝜃2∆ + 4
 

Remark: 

From the proposition 3, we note that 𝜆  and �̅� are linearly dependent on 𝐾𝑖  ∈ (0 ,

𝛽)    or    𝐾𝑖  ∈ (𝛽
∗ , 0) for 𝛾 = ±1,  generates an interval of  𝐾𝑑, the bounds of 

which depend linearly on 𝐾𝑖. In proposition 3 for each 𝐾𝑖  ∈ (0 , 𝛽)    or    𝐾𝑖  ∈

(𝛽∗ , 0) there exists a range of 𝐾𝑑, i.e., 𝐾𝑑 ∈ (𝜆, 𝜏) or 𝐾𝑑 ∈ (−
𝑝𝑖

2
, �̅�)  for 𝛾 = ±1,  

respectively. 

6.2.3 Condition for minimal overshoot: 

Our aim is to select the PID gains from the parameters ranges given in the previous 

propositions 2 and 3 such that the closed loop response has minimal or no overshoot, 

or equivalently, the characteristic polynomial 𝜓(𝑠) given by eq12 has all real roots. 

For the sake of simplicity we assume that the suitable values of 𝐾𝑝  , 𝐾𝑖 have been 

selected, and derive the minimal overshoot conditions in terms of 𝐾𝑑. The 

performance objective can then be stated as follows: 

Given 𝜏 , 𝑎 , 𝜃 , 𝐾𝑝 ∈ 𝑆(𝐾𝑝), and   𝐾𝑖  ∈ (0 , 𝛽) or 𝐾𝑖 ∈ (𝛽
∗ , 0) for     𝛾 = ±1, 

determine the set of  𝐾𝑑 ∈ (−∞ ,∞) such that 

Im [𝑠𝜓] = 0 ∀ 𝑠𝜓, { 𝑠𝜓|𝜓(𝑠𝜓) = 0 },                           (eq.6.20) 



 

 
29 

 

Where 𝑠𝜓 is a root of (𝑠). We denote the set of 𝐾𝑑 that satisfies eq.6.20 as 𝑆𝑘𝑑. In 

order to meet the objective, we proceed as follows: define the following auxiliary 

variables whose values are dependent on the values of the process and assumed 

controller parameters 

𝑝1 ≜ 𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃, 

𝑝2 ≜ 2𝑎 − 𝐾𝑖𝜃 + 2𝐾𝑝,       𝑎𝑛𝑑      𝑝3 ≜  2𝐾𝑖 ,   

 

Then the characteristic polynomial 𝜓(𝑠) given by eq12 can be written as 

             𝜓(𝑠) = 𝜃(𝜏 − 𝐾𝑑)𝑠
3 + (𝑝1 + 2𝐾𝑑)𝑠

2 + 𝑝2𝑠 + 𝑝3                        (eq.6.21) 

The conditions for the minimal overshoot is given by the following proposition. 

 

Proposition 4: 

For the FOPDT process considered, we assume that the position and integral gains 

𝐾𝑝 and 𝐾𝑖 have been selected using propositions 2 and 3 respectively. Then the 

controller gains for the minimal overshoot is given by  

             𝑆�̃� = {
{ 𝐾𝑝, (𝑜, 𝛽) , (𝜆 , 𝜏) ∩ 𝑆𝐾𝑑}, 𝛾 = 1  

{ 𝐾𝑝, (𝛽
∗, 0) , (−

𝑝1

2
, �̅�) ∩ 𝑆𝐾𝑑} , 𝛾 = −1 

                              (eq.6.22) 

 

Where 𝑆𝐾𝑑 is the interval of  𝐾𝑑 in which  𝛿(𝐾𝑑) is positive where  𝛿(𝐾𝑑) 

 Denotes the determinant of eq.6.21 

 

6.2.4 Sensitivity and disturbance rejection 

In this section, we analyze the sensitivity of the closed loop transfer function with 

respect to the FOPDT process parameter. Specifically, static and dynamic sensitivity 

functions are derived to study the effect of variation in the dead time (θ) and process 

time constant (𝜏) on the closed loop performance with respect to controller tuning. 
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The results given here are general and are valid for both stable and unstable 

processes. Toward that end, consider the FOPDT process in the unity gain feedback 

configuration. The closed loop transfer function is given by G(s) = 

𝐺𝑝𝐺𝑐 (1 + 𝐺𝑝𝐺𝑐).⁄  Then the differential sensitivity of the closed loop transfer 

function G with respect to a process parameter φ can be expressed as 𝑆ϕ
𝐺(𝑠) ≜

 ϕ 𝐺(𝑠)⁄
𝜕𝐺(𝑠)

𝜕𝜙
, where  

𝜕𝐺

𝜕𝜙
=  
{ ( 1 + 𝐺𝑝𝐺𝑐)

𝜕(𝐺𝑝𝐺𝑐)
𝜕𝜙

− 𝐺𝑝𝐺𝑐
𝜕(1 + 𝐺𝑝𝐺𝑐)

𝜕𝜙
  

(1 + 𝐺𝑝𝐺𝑐)
2

= 
𝐺𝑐
𝜕𝐺𝑝
𝜕𝜙

(1 + 𝐺𝑝𝐺𝑐)
2
 

Then the desired sensitivity function is given as  

𝑆φ
𝐺(𝑠) =  

𝜙

𝐺𝑝(1+𝐺𝑝𝐺𝑐)

𝜕𝐺𝑝

𝜕𝜑
=

𝑠𝑑𝑝
2(𝑠)𝜙

𝑛𝑝(𝑠)𝜓(𝑠)
.
𝜕𝐺𝑝

𝜕𝜙
= 

𝑠𝜙

𝑛𝑝(𝑠)𝜓(𝑠)
{𝑑𝑝

𝜕𝑛𝑝

𝜕𝜙
− 𝑛𝑝

𝜕𝑑𝑝

𝜕𝜙
}      (eq.6.23) 

Where in order to mitigate the effect of variations in 𝜙, the sensitivity function 𝑆𝜙
𝐺 

needs to be zero or as small as possible. The static and dynamic sensitivity functions 

are now given as  

𝑆𝜙(𝑠𝑡𝑎𝑡𝑖𝑐)
𝐺 ≜ 𝑆𝜙

𝐺(𝑠)|
𝑠=0

 

𝑆𝜙(𝑑𝑦𝑛)
𝐺 ≜ 𝑆𝜙

𝐺(𝑠)|
𝑠=𝑗𝜔

 

Using the eq.6.23 we obtain how the sensitivity functions for the FOPDT process 

with respect to θ and 𝜏. 

6.2.4.1 Sensitivity with respect to time constant: 

In this case, since 
𝜕𝑛𝑝

𝜕𝜏
= 0 and 

𝜕𝑑𝑝

𝜕𝜏
= 𝑠(𝜃𝑠 + 2) and therefore from eq.6.23, the 

desired sensitivity function is given as  

𝑆𝜏
𝐺 = 

−𝜏𝑠2(𝜃𝑠+2)

𝜓(𝑠)
                        (eq.6.24) 
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(a) Static sensitivity: Settling s=0 in eq.6.24 we obtain the static sensitivity 

function as 𝑆𝜏(𝑠𝑡𝑎𝑡𝑖𝑐)
𝐺 = 0, i.e for the constant set point values, the closed loop 

is insensitive to changes in 𝜏. 

(b) Dynamic sensitivity: The dynamic sensitivity function is obtained by setting 

s=j𝜔 in eq2, so that |𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| =  𝜏𝜔2√4 + 𝜃2𝜔2/|𝜓(𝑗𝜔)|. 

To proceed further, let 𝜓(𝑗𝜔) =  𝑞1(𝜔) + 𝑗𝑞2(𝜔) where 

𝑞1(𝜔) ≜ {−(𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑)𝜔
2 + 2𝐾𝑖}, 

𝑞2(𝜔) ≜ {(2𝑎 + 2𝐾𝑖𝜃 + 2𝐾𝑝) + 𝜃(𝜏 − 𝐾𝑑)𝜔
2}. 𝜔         (eq.6.25) 

Then by substituting eq.6.25 in |𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| the dynamic sensitivity function 

becomes 

|𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| =  𝜏𝜔2√

4+𝜃2𝜔2

𝑞1
2(𝜔)+ 𝑞2

2(𝜔)
=  𝜏√

𝜃2𝜔6+4𝜔4

𝜃2(𝜏−𝐾𝑑)
2𝜔6+𝜂1𝜔

4+𝜂2𝜔
2+𝜂3

          (eq6.26) 

Where  

𝜂1 ≜ (𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑)
2
− 𝜃(2𝛼 − 𝐾𝑖𝜃 + 2𝐾𝑝)(𝜏 − 𝐾𝑑) 

𝜂2 ≜ −4𝐾𝑖(𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑) 

And 

𝜂3 ≜ 4𝐾𝑖
2 + (2𝑎 − 𝐾𝑖𝜃 + 2𝐾𝑝)

2
 

 

We note that from eq.6.26 at low frequencies  |𝑆𝜏(𝑑𝑦𝑛)
𝐺 |

𝜔⟶∞
=

𝜏

𝜏−𝐾𝑑
 

Sensitivity with respect to dead time: In this case, since 𝜕𝑛𝑝 𝜕𝜏 =  −𝑠⁄  and 

𝜕𝑑𝑝 𝜕𝜏 = 𝑠⁄  (𝜏𝑠 + 𝑎) 

Therefore the sensitivity function is given as: 

𝑆𝜃
𝐺 = −

4𝜃𝑠2(𝜏𝑠+𝑎)

𝑛𝑝(𝑠)𝜓(𝑠)
               (eq.6.27) 
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(a) Static sensitivity: Setting s=0 in eq.6.24, we obtain the static sensitivity to be 

𝑆𝜃(𝑠𝑡𝑎𝑡𝑖𝑐)
𝐺 =0 i.e. the closed loop response at constant set point is insensitive to 

changes in 𝜃 

(b) Dynamic sensitivity: The dynamic sensitivity function with respect to 𝜃 is 

given as  

𝑆𝜃(𝑑𝑦𝑛)
𝐺 (𝑗𝜔) = 4𝜃𝜔2 ∗  √(𝑎2 + 𝜏2𝜔2) [𝑔1

2(𝜔) + 𝑔2
2(𝜔)] ⁄  

Where 

            𝑔1(𝜔) ≜  𝜃
2(𝜏 − 𝐾𝑑)𝜔

4 − (𝐾𝑖𝜃
2 + 4𝑎𝜃 − 4𝐾𝑑 − 4𝜏)𝜔

2 + 4𝐾𝑖   (eq.6.28) 

𝑔2(𝜔) ≜  𝜃(𝑎𝜃 − 𝐾𝑝𝜃 + 4𝐾𝑑)𝜔
3 + 4(𝑎 − 4𝐾𝑖𝜃 + 𝐾𝑝)𝜔       (eq.6.29) 

Which, after rearrangement yields, 

|𝑆𝜃(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)|

𝜔→∞
= 

4𝜏

𝑎𝜃−𝐾𝑝𝜃+4𝐾𝑑
            (eq.6.30) 

And at low frequencies 

|𝑆𝜃(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)|

𝜔→0
= 0           

6.2.4.2 Disturbance rejection 

In order to analyze and compare the disturbance rejection capabilities of PID 

controllers we assume a disturbance signal d(s) acting as the input of the plant 𝐺𝑝(𝑠). 

Then the closed loop transfer from the disturbance input to the process output is 

given as  

𝐺𝑑𝑖𝑠(𝑠) =  
𝐺𝑝

1+ 𝐺𝑝𝐺𝑠
= 

𝑠𝑛𝑝

𝜓(𝑠)
=

 
𝑠(−𝜃𝑠+2)

𝜃(𝜏−𝐾𝑑)𝑠
3+(𝑎𝜃+2𝜏−𝐾𝑝𝜃+2𝐾𝑑)𝑠

2+(2𝑎−𝐾𝑖𝜃+2𝐾𝑝)𝑠+2𝐾𝑖
           (eq.6.31) 

 

The disturbance transfer function eq3 will be used later to illustrate the disturbance 

rejection capabilities of the proposed PID controller and compare it with established 
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tuning methods. Some of the advantages of the proposed method with respect to the 

existing tuning methods are mentioned. The proposed design methodology is more 

generic than the available tuning methods such as Zeigler Nichols, Cohen coon, etc 

in the following sense: (1) The proposed method allows PID controller design for 

both stable and unstable FOPDT processes whereas Zeigler Nichols and Cohen coon 

methods do not extend to unstable processes (only the internal model control, IMC 

possesses that capability); (2) The proposed method is valid for arbitrary values of 

𝜃/𝜏, whereas for stable Fopdt processes the Zeigler Nichols and cohen coon methods 

yield PID parameters such that the stability margin is valid for  fixed range of 𝜃/𝜏 

than the Ziegler Nichols and Cohen coon methods, as shown in the examples; the 

IMC tuning parameters are a strict subset of the stabilizing PID parameter set 

obtained using the proposed method. (3)The proposed method provides a complete 

analytical characterization of all stabilizing PID controllers while the Ziegler 

Nichols and Cohen coon methods are empirical and therefore suffer from inherent 

limitations. (4) Using the proposed method generates a range of stabilizing 

parameters  with one, two or three degrees of freedom compared to only one degree 

of freedom for the IMC method of tuning, i.e, the proposed method allows greater 

flexibility to incorporate performance measures in design process than existing 

methods; and (5) If multiple interacting PID loops exist then the PID tuning via 

proposed method can be achieved by determining the overall characteristic 

polynomial of the resultant multiple input multiple output system.      
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CHAPTER:7 

ALGORITHM FOR CONTROLLER SYNTHESIS 

 

The following algorithm is provided for the PID Controller synthesis of the single 

channel unity feedback system. 

Step 1:-  

Given W(s) and Q(s), use the following equation    

𝑝1(𝜔) ≜  𝜔
2[𝑄𝑒𝑊𝑜 − 𝑄𝑜𝑊𝑒], 𝑝2(𝜔) ≜ [𝑊𝑒

2 + 𝜔2𝑊𝑒
2]  

To obtain the polynomials q1(ω), q2(ω); and plot the root locus for {1 +
𝐾𝑝𝑞1(𝜔)

𝑞2(𝜔)
} 

Also, compute the value of ρ. 

Step 2:- 

Select some S(Kp) ⊆ (−∞,∞) from the root locus such that for all Kp ε S(Kp), �̃�q has 

the potential to satisfy eq 12 and eq 13, i.e 2�̃�q -1≥ ρ on the root locus plot. 

Design methodology illustrating the family of stabilizing PID controllers in the Kp-

ki-kd space. For a given value of Kp, each ki-kd  is a convex or half-plane 

Step 3:- 

Choose a trial Kp0 ε S(Kp),  accordingly, calculate the values of γ and α. 

Step 4:- 

For the selected Kp0 ε S(Kp), Use eq.6.10 or eq.6.11 to obtain �̃�. If �̃�≠ ∅, proceed to 

step 5, otherwise repeat step 2 and 3 with different ranges of S(Kp) until �̃� ≠ ∅ is 

obtained. 

Step 5:- 

Compute [P1] and [P2] for Kp0 ε S(Kp). Use the set of LMI given by eq.6.16 to obtain 

the non-empty stabilizing set Sǩ. If the solution to eq.6.16 is empty, then repeat steps 

3 to 5 with a different Kp ε S(Kp). 
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EXAMPLE 1: 

 Consider the problem of choosing the stabilizing PID gains 

𝐺𝑝(𝑠) =  
𝑠3 − 4𝑠2 + 𝑠 + 2

𝑠5 + 8𝑠4 + 32𝑠3 + 46𝑠2 + 46𝑠 + 17
 

 

Therefore,  

𝑊(𝑠) =  𝑠3 − 4𝑠2 + 𝑠 + 2 , 𝑄(𝑠) =  𝑠5 + 8𝑠4 + 32𝑠3 + 46𝑠2 + 46𝑠 + 17 

The even and odd components of W(s) and Q(s) are given by 

𝑊𝑒(𝑠
2) =  −4𝑠2 + 2,𝑊0(𝑠

2) =  𝑠2 + 1, 

𝑄𝑒(𝑠
2) = 8𝑠4 + 46𝑠2 + 17,𝑄0(𝑠

2) =  𝑠4 + 32𝑠2 + 46 

Substitute S=jω ∀ ε R and using equations 7a and 7b we obtain, 

𝑝1(𝜔) =  −12𝜔
8 + 180𝜔6 − 183𝜔4 − 75𝜔2 

𝑝2(𝜔) = 𝜔
6 + 14𝜔4 − 17𝜔2 + 4 

𝑞1(𝜔) =  −𝜔
9 + 65𝜔7 − 246𝜔5 + 22𝜔3 + 34𝜔 

𝑞2(𝜔) =  𝜔
7 + 14𝜔5 + 17𝜔3 + 4𝜔 

So that, 

𝑞(𝜔,𝐾𝑝) =  −ω
9 + (65 + 𝑘𝑝)𝜔

7 + (14𝐾𝑝 − 246)𝜔
5 + (17𝐾𝑝 − 22)𝜔

3

+ (4𝐾𝑝 − 34)𝜔  

Also, since 𝜎[𝑊(𝑠) =  −1 𝑎𝑛𝑑 𝑚𝜓 = 6, we obtain ρ = 7. Further, using the root 

locus of {1 +
𝐾𝑝𝑞1(𝜔)

𝑞2(𝜔)
} 

we obtain S(Kp) = (-8.5,4.233), which is the set of Kp such that �̃�q  = 4 and therefore 

possesses the potential to satisfy eq.6.10 or 6.11. 

This is indeed true since the real, distinct, and nonnegative zeros of q(ω) are ω0 = 0, 

ω1 = 0.7423 , ω2 =1.8659 , and ω3 = 7.8921. Let Kp0 = 1, then γ = 1 and α ∉ Z+ so 

that for a feasible solution to exist we must have a string  {Ĩ0, Ĩ1, Ĩ2, Ĩ3,}  that satisfies 

Ĩ0-2Ĩ1+2Ĩ2-2Ĩ3 = 7 subject to Ĩ0 ∈ {-1,0,1} and Ĩi ∈ {-1,1} ∀i [1, �̃�q].  
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The above equation has a non-empty solution given as: ğ = {1, -1, 1, -1} 

So that the set of LMIs given by eq.6.16 can be written as 

{

𝐾𝑖 < 0
𝐾𝑖 − 0.55101𝐾𝑑 − 3.8167 < 0
 𝐾𝑖 − 3.48158𝐾𝑑 + 12.19183 > 0
𝐾𝑖 − 62.2854𝐾𝑑 − 464.0386 < 0

 

Therefore, the set of all stabilizing PID controllers for 1 Kp = 1 is given by:  

Sǩ = {1, (0, 6.8), (-6.9, 3.8)} 
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CHAPTER:8 

OPTIMAL CONTROLLER DESIGN AND SYNTHESIS 

In this section the characterization of previous sections is used to provide an insight 

into the approach used to design constant gain controllers that minimize the H∞ -

norm of closed-loop transfer functions. While the method of YJBK parameterization 

can be used to parameterize all proper feedback controllers that stabilize the process, 

and minimize a specific ∞ -norm, the disadvantage of such an approach is that the 

controller order must be unconstrained. However, the Hermite-Biehler Theorem can 

be used to design optimal constant gain controllers that minimize the ∞ -norm to a 

value that is a reasonably good approximation to the unattainable infimum. 

 

EXAMPLE 1:- 

The following example is adapted from (Doyle, 1992). In order to facilitate the 

comparison of the performance of zero-order optimal designs with that of the overall 

(unconstrained order) optimal ones, a standard design using the YJBK 

parameterization is presented first.  

(1) YJBK Parameterization: Consider an unstable process with the transfer 

function given as: 

Gp(s) = (s-1)/(s2+0.8s-0.2) 

The objective is to optimally select the YJBK parameter Q(s) to minimize 

॥W2(s)T(s)॥∞, where W2(s) is chosen as the high-pass function W2(s) = 

(s+0.1)/(s+1), and T(s) is the complementary sensitivity function. The optimal value 

of the cost function is given by – 

 

 𝛾𝑜𝑝𝑡 = 𝑖𝑛𝑓𝑄(𝑠)𝑠𝑡𝑎𝑏𝑙𝑒||𝑊2(𝑠)𝑇(𝑠)||∞ = 0.375 
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Since the infimizing Q(s) is an improper rational function, it is divided by a factor 

of (τs+1), where τ is chosen to be a positive real number. For τ = 0.01, the sub-

optimally robust controller is given by 

C(s) = 
𝑞3
0𝑠3+𝑞2

0𝑠2+𝑞1
0𝑠+𝑞0

0

𝑠3+𝑝1
0𝑠2+𝑝1

0𝑠+𝑝0
0 =

−39.3𝑠3−114.48𝑠2−112.68𝑠−37.5

𝑠3+141.6𝑠2+275.4𝑠+137.5
 

The level of performance achieved by this sub-optimally robust controller is 

॥W2(s) T(s)॥
∞  = 0.3911 which has a relative error less than 5% with the 

unattainable infimum. 

(2) Design using the Hermite-Biehler Theorem: Now we assume that the controller 

is constrained to be a constant gain. Thus the constant gain controller must stabilize 

the given process, and minimize the same performance indices considered in Case 

(i). In other words, the objective is to minimize ॥W(s) T(s)॥
∞ when the controller 

Gc(s) is restricted to a constant gain, i.e. Gc(s) = K.  Using the stability conditions 

developed in Section 6.1, we conclude that the set of all stabilizing constant gain 

compensators is given in chapter 6 we conclude that the set of all stabilizing constant 

gain compensators is given by K є (-0.8, -0.2). 

Numerically it is found that for K є (-0.8, -0.2), minK є (-0.8, -0.2) ॥W2(s)T(s)॥∞. and 

this occurs at K=−0.2510. Thus the optimal H∞ -norm attained by this constant gain 

controller is fairly good, especially when we take into account the fact that the order 

of this controller is much lower than that of the unconstrained order H∞ optimal 

controller designed in Case (1).  

EXAMPLE 2:- 

Consider the process of Example 1. The compensator is now restricted to be a PID, 

I.e, Gc(s) = (Kds
2 + Kps + Ki)/s. 

Using the Hermite Biehler theorem, it is found that, K є (-1.8, -0.2). Therefore, for 

every K є (-1.8, -0.2) the PID controller stabilization problem becomes a linear 

programming problem. Thus by sweeping over K є (-1.8, -0.2), the PID stabilizing 
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set is obtained as a union of convex polygons in the compensator space. The 

characterization of the stabilizing PID set can be used to generate graphical plots 

showing the variation of various time domain performance indices over the entire 

stabilizing region in the parameter space. A design constraint of 0.001 Ki ≤ − is 

imposed to eliminate the effects of destabilization of the closed-loop, and unbounded 

steady-state errors to ramp inputs. 

(i) Settling time: searching over the entire stabilizing PID set with the constraint of 

Ki ≤ -0.001, the minimum settling time is found to be 0.679 seconds, and this occurs 

at {Kp =  -1.71889, Kd= -0.99725, Ki= -0.72083}.  

(ii) Overshoot: by using the same search procedure, the minimum percent overshoot 

was determined to be 0.26582%, and this occurs at {Kp = -0.98662, Kd = 0.98621, Ki 

= 0.01}  

(iii) Undershoot: By using the same search procedure, we determined the minimum 

undershoot to be 0.099849 and this occurs at {Kp = -0.26426, Kd =  -0.01088, Ki = -

0.01} 
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CHAPTER:9 

SOLVED EXAMPLE: STABLE SYSTEM 

Let us consider a FOPDT model as 𝐺𝑝(𝑠) = 𝑒
−𝑠/(5𝑠 + 1). Here a=1 i.e., a>0 and 

𝜃/𝜏 = 0.2 

Since 𝜏 = 5 , 𝜃 = 1. Now using the proposition 2 for a > 0 we can write 

𝑆(𝐾𝑝) ≜ (−𝑎, 𝑎 + (4𝜏/𝜃)) therefore we get 𝑆(𝐾𝑝) = (−1, 21), Constraining the 

𝐾𝑝 = 4and taking 𝛾 = 1and using the proposition 3: we know 𝐾𝑖 ∈ (0, 𝛽),   𝐾𝑑 ∈

(𝜆, 𝜏)when 𝛾 = 1. 

And 𝛽 ≜ 𝛥𝜏 +
4𝛥(𝑎𝜃+𝜏)

𝜃2𝛥+4
 computing this we get 𝛽=10, so the 𝐾𝑖 ∈ (0, 10) and 𝐾𝑑 ∈

(𝜆, 5), where 𝜆 = 𝜆(𝐾𝑖) as mentioned in the proposition 3. Therefore the 2DOF 

stabilizing PID set for 𝐾𝑝 = 4 is given by 𝑆𝑘 = {4, (0,10), (𝜆, 5)}. Now constraining 

𝐾𝑖=0.7, we obtain 𝜆=-2.9050 then the remaining 1 DOF stabilizing PID set is given 

by 𝑆𝑘 = {4, (0,10), (−2.9050,5)}. The closed loop system i.e., 𝐺𝑝 ∗ 𝐺𝑐/(1 + 𝐺𝑝 ∗

𝐺𝑐) i.e., (𝑠3 − 2𝑠2 + 7.3𝑠 + 1.4)/(4𝑠3 + 9𝑠2 + 9.3𝑠 + 1.4) 

With 𝑘 = {4, 0.7, 1} where the values represent the values of 𝐾𝑝, 𝐾𝑖 , 𝐾𝑑 respectively, 

is simulated to a step input, and the response is shown in the following figure: 
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Which is comparable to the following response as presented in the paper (note the 

proposed line of the graph). The other graphs corresponds to different methods of 

determining the PID parameters which is not the concern of the report. 
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Now if we want a closed-loop response with a minimal overshoot, then using the 

proposition 4 we find the determinant of 𝛿(𝐾𝑑) and equate it to zero. 

The matrix is given as follows: 

 

𝛿(𝐾𝑑) = 𝛿 = |
|

𝜃(𝜏 − 𝐾𝑑) (𝑝1 + 2𝐾𝑑) 𝑝2 𝑝3 0
0 𝜃(𝜏 − 𝐾𝑑) 𝑝1 + 2𝐾𝑑 𝑝2 𝑝3
3 2(𝑝1 + 2𝐾𝑑) 𝑝2 0 0
0 3 2(𝑝1 + 2𝐾𝑑) 𝑝2 0
0 3 3 2(𝑝1 + 2𝐾𝑑) 𝑝2

|
|
 

 

After determining the determinant and equating it to zero we get the following 

expression: 

𝛿(𝐾𝑑) = −89.6𝐾𝑑
4 + 64.72𝐾𝑑

3 + 879.9𝐾𝑑
2 + 6938.7𝐾𝑑 − 16167, 

MATLAB COMMAD WINDOW 

 

>> p=[-89.6 64.72 879.9 6938.7 -16167] 

 

p = 

 

   1.0e+04 * 

 

   -0.0090    0.0065    0.0880    0.6939   -1.6167 

 

>> roots(p) 

 

ans = 

  -2.9373 + 3.3482i 

  -2.9373 - 3.3482i 
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   4.6343 + 0.0000i 

   1.9626 + 0.0000i 

 

By finding the roots of this equation in the MATLAB by putting the coefficients in 

a vector and using the root command, we see that there are 4 roots and 2 of them are 

positive and the other 2 are negative roots. Thus we can say that the equation 

mentioned above is positive for 𝐾𝑑 ∈ (1.9626, 4.6343)  i.e., 𝑆𝐾𝑑 =

(1.9626 , 4.6343). Then using the proposition 4 we get the desired PID set as 𝑆�̌� =

{4, 0.7, (1.9626, 4.6343)}. The close loop system is simulated to a step input for 

�̌� = {4 , 0.7 , 2), and the response is shown in the following figure: 
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Which is comparable to the following graph from the paper 

 

 

 

Thus from the above figures we can observe that the closed loop system response is 

without any overshoot. 

In the paper the comparisons have been done with the parameters obtained from 

other methods also, but studying all the methods was not our desired objective. 
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Sensitivity analysis: 

From the Sensitivity and disturbance section given in chapter 6 we get the 

expressions for static and dynamic sensitivity with respect to time constant and delay 

time. 

Sensitivity with respect to time constant (𝜏): 

The general sensitivity expression for the FOPDT system is given as: 

𝑆𝜏
𝐺 = −

𝜏𝑠2(𝜃𝑠 + 2)

𝜓(𝑠)
 

 

a) Static sensitivity: Setting s = 0 in the above equation we obtain the static 

sensitivity as 0, i.e., for constant set-points values the closed loop is insensitive 

to changes in 𝜏. 

 

b) Dynamic stability: The dynamic sensitivity function is obtained by setting 𝑠 =

(𝑗𝜔) in the above given equation so that we obtain the following expression: 

|𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| =  𝜏𝜔2√4 + 𝜃2𝜔2/|𝜓(𝑗𝜔)|.  To proceed we know that 

𝜓(𝑗𝜔) = 𝑞1(𝜔) + 𝑞2(𝜔) where 

 

Sensitivity with respect to time constant (𝜏): 

 

𝑞1(𝜔) ≜ {−(𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑)𝜔
2 + 2𝐾𝑖}, 

𝑞2(𝜔) ≜ {(2𝑎 − 𝐾𝑖𝜃 + 2𝐾𝑑) − 𝜃(𝜏 − 𝐾𝑑)𝜔
2}. 𝜔. 

 

Substituting the above equations in |𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| the dynamic sensitivity becomes: 
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|𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| = 𝜏√

𝜃2𝜔6 + 4𝜔4

𝜃2(𝜏 − 𝐾𝑑)
2𝜔6 + 𝜂1𝜔

4 + 𝜂2𝜔
2 + 𝜂3

 

 

𝜂1 ≜ (𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑)
2 − 𝜃(2𝑎 − 𝐾𝑖𝜃 + 2𝐾𝑝)(𝜏 − 𝐾𝑑), 

𝜂2 ≜ 4𝐾𝑖(𝑎𝜃 + 2𝜏 − 𝐾𝑝𝜃 + 2𝐾𝑑),  

and 

𝜂3 ≜ 4𝐾𝑖
2 + (2𝑎 − 𝐾𝑖𝜃 + 2𝐾𝑝)

2 

  

Sensitivity with respect to dead-time(𝜃): 

  

The sensitivity function is given as follows: 

𝑆𝜏
𝐺 = −

4𝜃𝑠2(𝜏𝑠 + 𝑎)

𝑛𝑝(𝑠)𝜓(𝑠)
 

 

a) Static sensitivity is again zero i.e., the closed loop response at constant set 

point is insensitive to changes to  𝜃 

 

b) Dynamic sensitivity: The function is given as  

 

|𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| = 4𝜃𝜔2 ∗ √

𝑎2 + 𝜏2𝜔2

[𝑔1
2(𝜔) + 𝑔2

2(𝜔)]
, 

Where   𝑔1(𝜔) ≜ 𝜃
2(𝜏 − 𝐾𝑑)𝜔

4 − (𝐾𝑖𝜃
2 + 4𝑎𝜃 − 4𝐾𝑑 − 4𝜏)𝜔

2 + 4𝐾𝑖 , 

and    𝑔2(𝜔) ≜ 𝜃(𝑎𝜃 − 𝐾𝑝𝜃 + 4𝐾𝑑)𝜔
3 + 4(𝑎 − 𝐾𝑖𝜃 + 𝐾𝑝)𝜔 
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Substituting the above expressions we get  

|𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| = 4𝜃√

𝜏2𝜔4 + 𝑎2𝜔2

𝜂1
∗𝜔4 + 𝜂2

∗𝜔2 + 𝜂3
∗  

 

Where                                𝜂1
∗ ≜ 𝜃2(𝑎𝜃 − 𝐾𝑝𝜃 + 4𝐾𝑑)

2 

                                 𝜂2
∗ ≜ 8𝜃(𝑎𝜃 − 𝐾𝑝𝜃 + 4𝐾𝑑)(𝑎 − 𝐾𝑖𝜃 + 𝐾𝑝) 

𝜂3
∗ ≜ 16(𝑎 − 𝐾𝑖𝜃 + 𝐾𝑝)

2 

 

For our system 𝜃 = 1, 𝜏 = 5, 𝑎 = 1, 𝐾𝑖 = 0.7, 𝐾𝑑 = 1,   𝐾𝑝 = 4 

 

Substituting all these values and plotting the graphs for Dynamic sensitivity 

with respect to time constant and time delay yields the following expressions 

and graph. 

 

Dynamic sensitivity w.r.t to time constant (𝜏) 

 

|𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| = 5√

𝜔6+4𝜔4

9𝜔4+93.1𝜔4−30.8𝜔2 + 11.26
 

Dynamic sensitivity w.r.t to dead time (𝜃) 

 

|𝑆𝜏(𝑑𝑦𝑛)
𝐺 (𝑗𝜔)| = 4√

25𝜔4 +𝜔2

25𝜔4 + 172𝜔2 + 295.84
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The graphs have been plotted using an online plotter (Desmos), just because of the 

convenience of entering the equation. The graphs are as follows and are comparable 

to that of provided in the paper. 
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Sensitivity with respect to time constant (𝜏) 

 

 

 

 

 
 

Sensitivity with respect to dead time (𝜃) 
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      CHAPTER:10 

FUTURE SCOPE 

The paper chosen mainly deals with the mathematical stability of linear time 

invariant systems by using theoretical framework built on Hermite-Biehler theorem, 

the PID gains are chosen through a combination of root-locus techniques and linear 

matric inequalities (LMI) that results from the application of generalized Hermite-

Biehler theorem. As we know by now that FOPDT model helps to capture the 

dynamics of many applications of process control, and Hermite-Biehler  theorem 

can be used for PID tuning, it can be now realized that this model and the technique 

is heavily used in the industry for control process. The analysis and results show that 

the framework can be effectively used for PID controller synthesis for FOPDT 

model and can also be extended to the second and higher order processes. The 

proposed method in the paper also offers certain advantages over established PID 

tuning methods in terms of generality, versatility, and applicability to both stable 

and unstable processes, with comparable or superior results. The future scope cannot 

be justified for this paper because this is already applied in many industrial processes 

like chemical industries, biomedical industries and genetics industries primarily. 

And in general all the single order and higher order linear time invariant systems. 

Any other methods for determining the PID parameters may be easy or tempting due 

to lack of complexities but this theorem does not require mastery from operator’s 

side. 

The most advantageous property of Hermite-Biehler theorem is that it offers 

analytical characterization and fixed order controller synthesis, which most other 

controller fails to address. The Routh-Hurwitz criterion does provide an analytical 

solution to the stability problem, however the set of stabilizing compensators can 

only be determined by solving a set of nonlinear inequalities, a task that can be 

cumbersome for higher order process.  Furthermore, when used in conjunction with 

the Kharitonov and Edge Theorems, the set of all stabilizing controllers for a family 

of process can be found, which is an issue, central to the robust control theoretical 

framework. 
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